I show that the black hole entropy associated to an AdS 2 wormhole is an entanglement edge term related to a natural measure on the gauge group in the SL(2) gauge theory formulation of 1 + 1d Jackiw-Teitelboim gravity. I comment on what the entropy appears to be counting.
Introduction
We would like to understand the universal origin of the black hole entropy,
A related and perhaps easier problem is to understand why the Ryu-Takayanagi formula in AdS/CFT [1] , [2] ,
for A a subregion in a state of a holographic CFT with an Einstein gravity dual, A min (A) the area of the minimal-area homologous bulk surface, and S alg,ginv (E A ) the algebraic EE of gauge-invariant operators in the entanglement wedge of A [3, 4, 5] , is true from the bulk point of view.
In [6] (see also [7] ), I pointed out that the RT formula resembles a formula for entanglement entropy of a spatial subregion in an emergent gauge theory [8, 9, 10, 11] , which is on the lattice, 1 where the index R labels the distribution of boundary link representations in a state of the lattice gauge theory, p R is the normalized probability distribution over these superselection sectors, and the constant c is independent of the IR state. The first and second terms of (1.3) are sometimes called the Shannon and log dim R edge terms. In particular, we identify A 4G N ∼ log dim R edge term . (1.5) This would be quite interesting if true because in an ordinary gauge theory we know what the various components of (1.3) are counting at the level of the operator algebra. 2 We might be able to use this knowledge to help us understand what the black hole entropy is counting from the bulk point of view. But so far it was just an analogy, obtained by applying (1.3) well outside its regime of validity.
In this note, I will show explicitly that a version of (1.3), (1.5) is true in 1+1d Jackiw-Teitelboim (JT) gravity. JT gravity has a first order formulation as a topological BF gauge theory with gauge group SL(2, R). I show that in the gauge theory formulation, the entanglement across the midpoint of the interval in the Hartle-Hawking state at inverse temperature β, computed with the replica trick, can be put in the form 6) where p k,β is the normalized probability distribution over the representation basis of the BF Hilbert space in the Hartle-Hawking state; "k sinh 2πk" is a Plancherel measure for SL (2, R) , that naturally generalizes " dim R" for infinite-dimensional reps; and there is no distillable EE. In the classical limit, (1.6) is dominated by the second term which agrees with the JT analog of (1.1) when evaluated on the peak of the Hartle-Hawking wavefunction,
for φ h the expectation value of the dilaton at the bifurcate horizon. This demonstrates (1.5) in JT gravity. By comparing to the situation in compact gauge theories, I suggest what the entropy might be counting.
In section 2 I review some relevant aspects of JT gravity. In section 3 I show the main results.
I suggest an interpretation for what we are counting in section 4, and conclude in section 5. An appendix contains a brief introduction to the subject of entanglement entropy in gauge theories.
Review of Jackiw-Teitelboim gravity
2d Jackiw-Teitelboim gravity [13] , [14] is the simplest nontrivial theory of gravity. It also happens to be an emergent theory of gravity. Hence, it's a natural place to study the conjecture (1.5).
JT gravity on a line interval is characterized by the action
The first term is the bulk action and the second is the GHY boundary term needed to make the variational problem well-defined. To simplify the notation below, I will sometimes use
2)
The equations of motion are
In addition, we have to choose boundary conditions such that the boundary term vanishes. One natural choice is to fix Dirichlet bc's at a cutoff surface, 5) and then send ǫ → 0 with φ b fixed and positive.
The solutions to (2.3) -(2.5) were recently discussed in [12] . There is a one-parameter family of AdS 2 wormhole solutions labeled by the value of φ = φ h at the bifurcate horizon. When we quantize the theory, these correspond to a Hilbert space basis of Hamiltonian eigenstates. Another natural one-parameter family of states are the Hartle-Hawking states labeled by β, the inverse temperature of the black hole as seen by an outside observer. These states were constructed in [12] in the gravity variables and I will construct them in the BF variables below.
Emergence from the SYK model
The SYK model ( [15, 16, 17] ; see [18] for a nice review) has been the subject of intensive study in the past few years. For us, its main interesting feature is that it is an example of a UV completion of JT gravity, showing that JT gravity is a model of emergent gravity where the ideas mentioned in the introduction might naturally apply. In this section (that closely follows a section of [12] ), I'll briefly review how this works.
The SYK model is the QM of N Majorana fermions with the Hamiltonian
where J abcd is drawn at random from a Gaussian ensemble with mean 0 and variance J/N 3/2 . To do holography on a bulk interval, we'll need two copies of it, so the dynamical variables are χ a i , i ∈ L, R. We'll also take the disorder to be the same on both sides.
To make it manifest that the model classicalizes at large N , it's convenient to exactly rewrite the partition function averaged over J,
in terms of "master fields" G and Σ:
The variation of (2.9) gives the eom's
that indeed are the Schwinger-Dyson equations at leading order in N .
In the limit
we can drop the time derivative in the second line of (2.10). The remaining eom's then acquire a large reparametrization symmetry. This symmetry is spontaneously broken by solutions to the eom's so we can write down an effective action for the Goldstone modes, 12) where S Sch is short-hand for two copies of Schwarzian QM (whose action I'll omit here, see the references) with a diagonal SL(2, R) gauged. On the other hand, one finds the same action (2.12) by integrating out the bulk in the JT theory (2.1), [19, 20] .
To summarize, JT gravity emerges from the SYK model in the low temperature limit (2.11), and thus fits into the paradigm where we might expect a version of (1.3) to apply. Having said this, I won't refer to the SYK model in the rest of this paper, instead working entirely in the IR.
Area operator
We find the analog of the area term (1.1) in JT gravity by the usual Euclidean argument. Namely, we evaluate the Euclidean path integral on the disk with circumference β on the classical saddle, then plug into the thermodynamic formula,
Doing so, we find that
14)
The first equality looks more like an "area operator" (see also [21] ). In the second, we use that φ h = φ b r s for r s the Schwarzschild radius of the wormhole solution, and r s = 2π/β on smooth classical solutions.
Bulk formulation as a gauge theory
The action (2.1) can be rewritten as the action of a topological BF gauge theory with gauge group SL(2, R) [22] , [23] ,
where B a is an adjoint scalar, F is the two-form field strength of the gauge field A, and the trace is over the adjoint index. To see this, we form A a , B a out of first-order gravity variables. This is the same idea as (indeed, a dimensional reduction of: see e.g. [24] , [25] ) the formulation of 3d pure gravity in AdS 3 as a SL(2, R) × SL(2, R) Chern-Simon theory [26] , [27] . It is a change of variable in the bulk.
To make the boundary term vanish, we impose
along the boundary. Since the bulk BF Hamiltonian equals the Gauss operator, all of the nontrivial dynamics come from the boundary part of the Hamiltonian, which depends on the constant of proportionality in (2.16). Here I chose it so that the boundary Hamiltonian matches the one following from (2.1), (2.5). Since the coefficients are important in this paper I will do some checks below.
The bulk BF action is quite similar to the action of 2d Yang-Mills theory. We can use this to make a first pass at identifying its Hilbert space. Writing the bulk action in a 1 + 1d decomposition,
we see that it has one pair of canonically conjugate variables {A a 1 , B a }, subject to the Gauss law D x B a (x) = 0 imposed by A a 0 . The Gauss law gives the same differential constraint on wavefunctions
as in 2d Yang-Mills theory [28] . Hence, if not for extra constraints coming from the boundary conditions, we could simply quote from [28] that the Hilbert space of BF theory on S 1 (for any gauge group) is the space of class functions of G, and the Hilbert space of the unconstrained BF theory on an interval is L 2 (G). These spaces are spanned by the characters and the matrix elements, respectively, of the reps of G that appear in the Plancherel theorem. For SL(2, R), these are the discrete and principal continuous reps.
However, the AdS 2 boundary conditions play a crucial role, truncating the Hilbert space relative to L 2 (G). (See [29] for a very nice recent discussion, as well as all of the SL(2, R) conventions that I am using in this note). 3 This is the 2d analog of the fact that pure gravity with AdS 3 boundary conditions is described not by an SL(2, R) WZW edge theory but by a constrained theory due to the asymptotic behavior of the connection, that truncates the edge theory to Liouville ( [32] ; see e.g. [33] for a review).
By dimensionally reducing the constrained 3d theory, one can show that the constrained BF description of JT gravity has the following features [29] :
(*) Its Hilbert space is spanned by a subset of matrix elements of the principal continuous reps only, namely matrix elements |k = |k, √ µ, √ µ where the two indices denote eigenvalues of J − and J + (as opposed to the conventional situation where both are eigenvalues of J 0 ).
(*) Such matrix elements are in the so-called mixed parabolic basis of SL(2, R). The form 3 Other references that I found helpful while learning about SL(2, R) are [30] , [31] .
of the matrix elements as functions over the SL(2, R) group manifold is known explicitly.
Interestingly, the Plancherel measure for these matrix elements is non-standard:
With this information, one can compute the disk partition function of the constrained BF theory using standard methods [29] . The partition function on a disk with circumference β is
where dµ(k) = k sinh 2πk dk, (2.19). I will ignore the shift by 1/4 in the Casimir here and be- Hartle-Hawking state was recently constructed in gravity variables [12] . It is easier to construct in the gauge theory description. Here the state at inverse temperature β is set up by a path integral on the disk with length β/2, and with an open cut along a segment of the disk s.t. when we insert a state |k in the cut, we get Ψ HH β |k . Inserting a complete set of states in the Euclidean propagator and using that they are eigenfunctions of the Hamiltonian,
Plugging in the analog of the identity element for g in the mixed parabolic basis, again see [29] ,
where I've again dropped a k-independent normalization. Stripping off the |k in (2.22), the unnormalized Hartle-Hawking state is
This can be compared to eq. (3.24) in [12] .
Main calculation
I'll now compute the entanglement entropy across the midpoint of the interval in the state Ψ HH β (k) by using the Euclidean replica trick
for Z n the n-sheeted replica manifold, and deliberately writing everything in terms of the normalized probability distribution p k,β , (3.4) . This way of organizing the replica trick calculation was done in compact 2d Yang-Mills theory in [35] .
There is an important subtlety here. Whenever we do the replica trick, we should really excise a codimension-1 tubular region around the conical singularity and put boundary conditions there (e.g. [36] ). This problem is especially acute in gauge theories where the Hilbert space doesn't factorize and different prescriptions affect both the universal and non-universal data (see [37] and refs therein). Here I will assume that our boundary condition is such that the excised region can be shrunk to a point and removed without changing the naive topology of the replicated manifold. One justification for this is that in Chern-Simons theory with a compact gauge group, the shrinkable boundary condition is known to correctly reproduce the topological EE [38] , [39] . Another is that the BF theory on smooth manifolds is equivalent to the Schwarzian theory on the boundary, so if we assume that we can do the replica trick on smooth manifolds, we will just be rewriting the Schwarzian entropy in a suggestive manner.
With this assumption, the n-replicated manifold still has the topology of a disk. The only difference from (2.20) is that it has a n-times-longer circumference,
We rewrite it as
where
is the normalized probability distribution of the Hartle-Hawking state. Plugging into (3.1), we immediately find
I now show that the second term agrees with the JT analog of the Bekenstein-Hawking entropy, (2.14), in the classical (large α) limit. The Hartle-Hawking wavefunction is peaked at
at leading order in α. Evaluating the log dim R-type edge term at the peak of the wavefunction,
in agreement with (2.14). The first term gives a correction but it is subleading at large k. This demonstrates a version of (1.5) in JT gravity.
If we view "sinh 2πk" as an element of the modular S-matrix of Liouville CFT, (3.7) is essentially the same formula as the (dimensional reduction of the) main result of [40] . (3.5), (3.7) gives an explanation and the form of the subleading corrections.
On a technical level, (3.7) had to work (other than the corrections necessarily being subleading) since as mentioned above, the constrained BF theory on a smooth manifold is equivalent to the Schwarzian theory on the boundary, and the Schwarzian theory is known to reproduce the correct entropy [19] . The main benefit that we get from rewriting the Schwarzian thermal entropy in the form (3.5) is that we can now use our knowledge of entanglement entropy in compact gauge theories to interpret what we are counting.
Interpretation
In the literature on entanglement entropy in compact gauge theories (see appendix A for a brief review), a log dim R-type entanglement edge term has appeared in two (related) situations. In an emergent gauge theory, it arises as a boundary entropy counting the correlations between UV degrees of freedom at the entangling surface which are the microscopic constituents of a Wilson loop in rep R (e.g. [41] ). Alternatively, when one inserts a background Wilson line in rep R ending on static charges in a Chern-Simons theory, the log dim R term is more naturally viewed as counting the entanglement between the charges, which may be located far from the entangling surface. 4 In both cases, the log dim R edge term has the following properties:
(*) it quantifies entanglement that cannot be assigned to a gauge-invariant operator algebra Generalizing to a noncompact gauge group, it seems natural to view the state |k of the constrained BF theory as implicitly containing a non-dynamical Wilson line in the principal continuous rep k of SL(2, R), and to assign the log k sinh 2πk edge term in the EE across the interval to this Wilson line. Let me remain agnostic about where the microscopic dof's are located for now, I will come back to this shortly. From (3.7), the proposal is then that the (two-sided) black hole entropy 4 In the literature, the extra entanglement from inserting a background Wilson line in Chern-Simons theory was also computed by adding UV degrees of freedom at the entangling surface [42, 43, 44] , but this will not always work when the gauge group is noncompact. 5 More precisely, in a compact 1 + 1d gauge theory, the Shannon term −p k log p k captures the algebraic EE of the gauge-invariant operators contained in a region which are the Casimirs, see appendix A. In this example, since the Hilbert space has a continuous spectrum, the Shannon term became a differential entropy in (3.5) while the algebraic EE is not well-defined. I think that this term must be the algebraic EE with any reasonable regulator, though this should perhaps be checked explicitly. The point is that in a 1 + 1d gauge theory, the separation of terms appearing in the replica trick into Shannon-like and " log dim R" terms is a UV/IR separation at the scale of the emergence of the gauge theory, (2.11).
is counting states in the continuous reps of SL(2, R) (although I have not yet explained which states these are supposed to be).
Note that Wilson lines in the continuous reps of SL(2, R) are not usually thought of as being contained in the algebra of the BF theory (e.g. [29] , [45] ), so the black hole entropy is not an entanglement entropy from a totally IR point of view, consistent with the non-factorizability of the JT Hilbert space. In other words, the JT theory has no black hole microstates [12] so we have to "extend the Hilbert space" if we want to count the black hole entropy. In this picture, the Hilbert space of JT gravity is really a union of single-state superselection sectors, each being the analog of a Chern-Simons Hilbert space in the presence of a different set of sources, and the black hole entropy is topological EE [40] .
The assignation of the entropy to states in the continuous reps of SL(2, R) is consistent with some work from previous decades on the entropy of the BTZ black hole (see [33] for a review of this subject). Ref. [12] explained that 3d pure gravity should probably be thought of as being in the same universality class as JT gravity, i.e. as a theory of emergent gravity that contains wormholes but not black hole microstates. In the past, people attempted to find the microstates of the BTZ black hole in the Liouville edge CFT of 3d pure gravity, but the normalizable sector of Liouville CFT doesn't have nearly enough states to account for the black hole entropy [46] , [47] . However, Chen was able to reproduce the entropy by counting some states in the non-normalizable sector [48] (although with several technical puzzles left open). This work seems related to the picture here, though the details are quite different.
Where are the microstates located?
In a gauge theory with a compact gauge group, the log dim R edge term can always be thought of as a boundary entropy. Essentially this is because we can always cut a Wilson line in a compact gauge theory by adding charges at the entangling surface. The most naive extension of this interpretation to gravity is to speculate that black hole entropy can be understood from the number of ways to glue two patches of space together at a geometric interface. This was the interpretation that I suggested earlier [6] by the analogy to the compact gauge theory; previously it had been suggested and studied at the classical level in [7] (see also [49] ), and it also seems similar in spirit to a much earlier calculation by Carlip [50] (see also [51] ).
We can study this idea here by comparing the above replica trick calculation for the SL(2, R) BF theory on the interval with the same calculation for the SL(2, R) BF theory on spatial S 1 . 6 The operation of forcing a gauge theory to factorize at a geometric boundary by adding a minimal number of pure gauge degrees of freedom at the boundary, which I will call the "extended Hilbert space construction" (see appendix A), is local and shouldn't care about the asymptotic boundary conditions. However, in the replica trick calculation on S 1 , we find the replacement rule dim k → k tanh πk (4.1) (i.e. the standard Plancherel measure for SL(2, R)), instead of (2.19). This does not grow fast enough at large k to account for black hole entropy.
Hence, the extended Hilbert space construction does not seem relevant for explaining the area term. (See [54] for recent criticism). Perhaps there is still some way to interpret the wormhole entropy in a theory of emergent gravity by extending the theory with charges that let us cut the gravitational Wilson lines, but it should (maybe unsurprisingly, in retrospect) be less local.
Perhaps a better cartoon of the bulk is to imagine that the JT theory comes with asymptotic dof's in the continuous reps of SL(2) that are infinitely massive in the limit G → 0, whose entanglement gives rise to the bulk. Of course, more work is needed to make this precise.
Discussion
To summarize, the black hole entropy associated to an AdS 2 wormhole in 1 + 1d JT gravity can be matched to a log dim R type entanglement edge term in the BF formulation with exact agreement of the coefficient 1/4G N , (1.7). This has some interesting implications. One is that at least in this example, the identification of the RT formula (1.2) with the formula for EE in an emergent gauge theory (1.3) seems to be true, the meaning of the RT formula is "boundary EE = bulk EE" when one includes the edge modes, and the explanation behind the universality of the area term is that it is related to a natural measure on the symmetry group. These things should be understood more generally.
Using our knowledge of EE in compact gauge theories, I then commented on what we might be counting. Somewhat fancifully, our picture is that "the bulk emerges from the entanglement of effective atoms of space" which here are SL(2)-charged heavy sources in the continuous reps. However, this part is speculative in the absence of an explicit construction of the would-be microstates.
More precisely, in a compact gauge theory it is very clear what the log dim R entanglement edge term is counting: there a pair of background charges in rep R are maximally entangled, and the EE just counts the size of the matrix. But if we want to view the noncompact edge term similarly, we have to explain why the Plancherel measure of P SL(2, R) provides a physical regulator on the trace of an infinite-dimensional rep.
There are many possibilities for future work. Here are a few of them:
It might be illuminating to translate everything back to the gravity variables. It would be interesting to generalize this argument to pure 3d quantum gravity (where there are many related results, especially [40] , also [55] , [56] and the follow-ups). Then we can see what happens when the horizon has a finite area. Generalizing to d ≥ 4 seems harder since there is no decoupled pure gravity sector.
If these ideas are correct, it would be interesting to understand the implications for the outstanding problems in black hole physics.
In the interpretation, the static charges would become dynamical in a UV completion of gravity.
It would be interesting to understand how they arise in the SYK model (where the heavy modes indeed appear to organize into the above-mentioned reps of SL (2), e.g. [57] ) and also in string theory. Relatedly, maybe we can understand the factor of N in the entanglement entropy across a boundary-anchored string [58] , [59] . 
A A brief introduction to EE in gauge theories
This section contains a very short introduction to entanglement entropy in gauge theories with a compact gauge group, and especially the log dim R term in the extended Hilbert space construction, that I'll define below. It's meant for readers who haven't previously looked into EE in gauge theories.
See section 8 of [37] for a more thorough review. As mentioned in the main text, I don't think that the details of the extended Hilbert space construction are relevant for gravity. (More precisely, although the log dim R term in the main text can also presumably be assigned to an extension of the Hilbert space, it doesn't come from locally minimally extending the Hilbert space at the entangling cut, as explained in section 4.1). However, the following example is still the fastest way to get acquainted with an example of a log dim R term, and to get some intuition for what it counts.
Let's start by reviewing the context for the problem. To assign an entanglement entropy to a region A in a state |Ψ of a quantum system, we usually assume that the Hilbert space factorizes, H = H A ⊗ HĀ . We then assign a density matrix ρ A = TrĀ|Ψ Ψ| to region A by taking a partial trace, and take its von Neumann entropy,
to be the entanglement entropy.
Continuum QFT's never have a factorizable Hilbert space, e.g. because the short-distance structure is universal in all the states of the QFT. What people often do is to implicitly regulate the QFT with a lattice, yielding a clear-cut factorization for QFT's whose fundamental dof's are local (as e.g. in the earliest calculations [60] ). But this is not enough when the QFT is a gauge theory because of Gauss's law.
To assign a density matrix ρ A nonetheless to a subset of links in a lattice gauge theory, two inequivalent definitions were proposed in the past few years:
1. In the algebraic approach (e.g. [61] ), we assign a density operator and entanglement entropy to a(ny) gauge-invariant subalgebra as follows. Given a subalgebra A 0 , (for finite-dimensional systems) there is in general a unique element ρ A 0 ∈ A 0 that correctly reproduces the vev's of all the other operators in A 0 when used as a density operator. We take its von Neumann entropy to be the EE. 7 An especially natural choice, which is what I call S alg (A) in the main text (and which is called the electric center choice elsewhere), is to take the EE of a region A to be the algebraic EE of the maximal gauge-invariant operator algebra fully supported on the region.
2. In the extended Hilbert space construction (e.g. [8] , [9] , [10] ), we embed the Hilbert space of the lattice gauge theory in the minimal larger one that factorizes across ∂A,
by lifting the Gauss constraint at the boundary sites. We can then define
and take its von Neumann entropy to define the EE.
The extended Hilbert space construction is the fastest way to get a first look at a " log dim R"-type edge term. Let's take it for a test run in the simplest lattice gauge theory, which is a lattice with two links and two nodes. I.e. we compute the EE across an interval in a 2d Yang-Mills theory (with a compact gauge group) on S 1 . A nice reference for this example is [35] . Here both of the nodes are boundary nodes. We are instructed to construct H ext. by lifting the Gauss law at both of them, so H ext. is the tensor product of two copies of the Hilbert space of the gauge theory on an interval.
The Hilbert space of 2d Yang-Mills on S 1 is the space of class functions, and the Hilbert space of 2d Yang-Mills on an interval is L 2 (G). It is well-known that bases for these spaces are furnished by the group characters and the matrix elements, respectively. The embedding H phys ⊂ H ext.
follows from doubling the trace definition of the group character. With the correctly normalized basis elements |R = χ R (g) , on S 1 and |R, i, j = √ dim R U R ij (g) on the interval, |R = (dim R) for p R = |Ψ(R)| 2 .
It was pointed out in [62] that the extended Hilbert space result for the EE, (A.7), differs from the algebraic EE of maximal gauge-invariant operators in region A by the log dim R term. 8 This is not surprising for the following reason. When we extended the Hilbert space in the step (A.2), we implicitly extended our operator algebra by adding to it Wilson lines in all representations ending on infinitely massive surface charges at the entangling surface (i.e., H ext. faithfully represents this larger algebra). From this perspective, (i) the log dim R term is counting the correlations of the static charges, and (ii) we would not expect to see it in a definition of entanglement that only refers to gauge-invariant operators in the IR. In this setting, this explains the two general features mentioned on page 8.
The extended Hilbert space construction seemed rather arbitrary from the point of view of the gauge theory. In [6] , I pointed out that it gives the UV-exact EE (up to a state-independent constant) when a (compact) gauge theory is emergent. This motivated (1.5) when viewing gravity in the bulk as an emergent gauge theory. In making this conjecture I applied (1.3) outside its regime of validity, and as explained above, the details of the extended Hilbert space construction are probably too local for gravity. On the other hand, something like (1.5) appears to actually be true.
